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Abstract
Let H = (N,E,w) be a hypergraph with a node set N = {0, 1, . . . , n − 1}, a hyperedge set E ⊆ 2N , and real edge-weights
w(e) for e ∈ E. Given a convex n-gon P in the plane with vertices x0, x1, . . . , xn−1 which are arranged in this order clockwisely,
let each node i ∈ N correspond to the vertex xi and deﬁne the area AP (H) of H on P by the sum of the weighted areas of
convex hulls for all hyperedges in H. For 0 i < j < kn− 1, a convex three-cut C(i, j, k) of N is {{i, . . . , j − 1}, {j, . . . , k − 1},
{k, . . . , n−1, 0, . . . , i −1}} and its size cH (i, j, k) in H is deﬁned as the sum of weights of edges e ∈ E such that e contains at least
one node from each of {i, . . . , j − 1}, {j, . . . , k − 1} and {k, . . . , n − 1, 0, . . . , i − 1}. We show that the following two conditions
are equivalent:
• AP (H)AP (H ′) for all convex n-gons P.
• cH (i, j, k)cH ′(i, j, k) for all convex three-cuts C(i, j, k).
From this property, a polynomial time algorithm for determining whether or not given weighted hypergraphs H and H ′ satisfy
“AP (H)AP (H ′) for all convex n-gons P” is immediately obtained.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let H = (N,E,w) be an edge-weighted hypergraph, or a hypergraph for short, with a set N = {0, 1, . . . , n − 1}
of nodes, a set E ⊆ 2N of hyperedges, and a weight function w : E → R, where w(e) means the weight of hyperedge
e [4]. Note that w(e) may be negative or zero. A hyperedge e ∈ E also denotes the set of end nodes of e, and hence |e|
denotes the number of nodes incident to e.
Projection. Let x0, x1, . . . , xn−1 be the vertices of a convex n-gon P in the plane, where (xi, xi+1) is an edge of P
for every 0 in − 1 and xn = x0. Each internal angle of P may be equal to  and some of vertices of P may be
located at the same point in the plane. Let P denote the set of all such n-gons. For a subset I ⊆ {0, 1, . . . , n − 1}, we
say that the convex hull of the vertices xi with i ∈ I is the |I |-gon induced by I, and is denoted by P(I). We deﬁne a
 Preliminary results of this paper appeared in the proceedings of the Seventh Japan Conference on Discrete and Computational Geometry
(JCDCG 2002) [4].
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Fig. 1. Examples of projection (H, P ).
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Fig. 2. Examples of convex three-cut: (a) C(1, 3, 5) and (b) C(1, 2, 4); hyperedges drawn by solid lines are included in each cut.
projection (H, P ) of a hypergraph H of n nodes on an n-gon P by mapping each node i ∈ N to the vertex xi and each
hyperedge e in H to the |e|-gon P(e). For example, Fig. 1 illustrates two projections for a hypergraph H with a node
set N = {0, 1, 2, 3, 4, 5} and three hyperedges {0, 1, 2, 3}, {2, 3, 4, 5} and {0, 1, 4, 5}.
Let a(P (e)) denote the area of P(e). Deﬁne the area of H = (N,E,w) with respect to a convex n-gon P as the sum
of the weighted areas of P(e) over all hyperedges e ∈ E, i.e.,
AP (H) :=
∑
e∈E
w(e)a(P (e)).
For i, j ∈ N , let
N [i, j ] :=
{ {i, . . . , j} if ij,
{i, . . . , n − 1, 0, . . . , j} if i > j.
We adopt the cyclic order for treating integers (or numbered nodes) in N. Thus for i, j, k ∈ N , ijk means
j ∈ N [i, k], and i ± j means i′ ∈ N such that i′ ≡ i ± j (mod n).
For h1, h2, h3 ∈ N (h1 <h2 <h3), a convex three-cut C(h1, h2, h3) denotes a three-partition {N [h1, h2 − 1],
N [h2, h3 − 1], N [h3, h1 − 1]} of N. The size of a convex three-cut C(h1, h2, h3) of a hypergraph H is deﬁned as
cH (h1, h2, h3) :=
∑
{w(e)|e ∩ N [h1, h2 − 1] = ∅, e ∩ N [h2, h3 − 1] = ∅, e ∩ N [h3, h1 − 1] = ∅}.
For example, for the hypergraph H of Fig. 1 with w(e) = 1 for all edges e of H, cH (1, 3, 5) = 3, and cH (1, 2, 4) = 1
(see Fig. 2).
We introduce two relations a and c between hypergraphs as follows.
Deﬁnition 1. Let H and H ′ be two hypergraphs. HaH ′ means AP (H)AP (H ′) for every convex n-gon P. HcH ′
means cH (h1, h2, h3)cH ′(h1, h2, h3) for all convex three-cuts C(h1, h2, h3).
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For example, we compare the hypergraph of Fig. 1, say H, and H ′ = ({0, 1, 2, 3, 4, 5}, {{0, 1, 3, 4}}, w) (w(e) = 1
for all edges e of H and H ′). Let P and P ′ be polygons of (a) and (b) of Fig. 1, respectively. Then, AP (H)>AP (H ′)
and AP ′(H)<AP ′(H ′), and thus neither HaH ′ nor H ′aH .
This paper shows the following theorem.
Theorem 1. The two relations a and c are equivalent, i.e., for any pair of hypergraphs H and H ′, the following
two conditions are equivalent:
• AP (H)AP (H ′) for all convex n-gons P.
• cH (h1, h2, h3)cH ′(h1, h2, h3) for all convex three-cuts C(h1, h2, h3).
By using this theorem, we immediately obtain the following property, since the number of convex three-cuts are
O(n3).
Corollary 1. For given edge-weighted hypergraphs H = (N,E,w) and H = (N,E′, w′), whether or not they satisfy
“AP (H)AP (H ′) for all convex n-gons P” can be determined in polynomial time.
Related work. Recently, several problems in such projections of graphs or hypergraphs on convex polygons were
studied. In the articles [1,2,5], given an edge-weighted graph G= (N,E,w) and an n-gon P, the weighted sum SP (G)
of lengths of line segments in a projection (G, P ) were studied. Note that a graph is a hypergraph in which every
edge consists of two nodes and thereby a convex hull P(e) for an edge e with |e| = 2 becomes a line segment in a
projection. The articles proved equivalence of two relations l and c that are deﬁned, respectively, by GlG′ if and
only if SP (G)SP (G′) for all convex n-gons P, and GcG′ if and only if cG(h1, h2)cG′(h1, h2) for all linear cuts
C(h1, h2), where cG(h1, h2) :=∑{w(e)|e ∩N [h1, h2 − 1] = ∅, e ∩N [h2, h1 − 1] = ∅} is deﬁned to be the size of a
linear cut C(h1, h2) := {N [h1, h2 − 1], N [h2, h1 − 1]} in a graph G= (N,E,w). Deﬁnition 1 provides a hypergraph
version of these relations, and Theorem 1 shows that an analogous property holds in hypergraphs.
The articles [6,7] investigated problems on graph projection on convex polygons with minimization of the size of
linear cuts. Our problem is different from them in that node i of the graph or the hypergraph must be corresponded to
vertex xi of the polygon.
Skiena [8] showed that a graph is uniquely determined if the size of all linear cuts are speciﬁed. Theorem 1 of this
paper is an extension of the theorem.
For hypergraph projections, the article [3] considered a problem of determining whether or not a given hypergraph
H covers all convex n-gons, where we say that H covers P if every point of the internal region of P is included in at
least one P(e) of a hyperedge e of H. It presented a polynomial time algorithm for the problem.
2. Proof of Theorem 1
In this section, we give a proof of Theorem 1. Consider a hypergraph H∅ = (N,∅, w) with an empty edge set. Note
that cH∅(h1, h2, h3)= 0 for any convex three-cut C(h1, h2, h3), and AP (H∅)= 0 for any convex n-gon P. For any pair
of H = (N,E,w) and H ′ = (N,E′, w′), we deﬁne H ′ − H = (N,E′′, w′′) as
E′′ := {e ⊂ E ∪ E′ |w(e) = w′(e)}
and
w′′(e) := w′(e) − w(e),
where w(e) = 0 for e /∈E and where w′(e) = 0 for e /∈E′.
Observe that HaH ′ (resp., HcH ′) is equivalent to H∅aH ′ − H (resp., H∅cH ′ − H ). This observation
guarantees that proving the following lemma is sufﬁcient to prove Theorem 1.
Lemma 1. The following two conditions are equivalent for any edge-weighted hypergraph H = (N,E,w):
• AP (H)0 for all convex n-gons P.
• cH (h1, h2, h3)0 for all convex three-cuts C(h1, h2, h3).
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Fig. 3. Two new possible vertices a and b for a given polygon P and line l.
Our proof of Lemma 1 consists of two parts:
(1) H∅aH ⇒ H∅cH (Lemma 2) and
(2) H∅cH ⇒ H∅aH (Lemma 4).
Lemma 2. For a hypergraph H, if H∅aH , then H∅cH .
Proof. Assume that H∅cH does not hold, i.e., there is a convex three-cut C(h1, h2, h3) such that cH (h1, h2, h3)<
cH∅(h1, h2, h3) = 0. We show there exists a convex n-gon P that satisﬁes AP (H)< 0 = AP (H∅) as follows.
In the plane with xy-coordinates, we consider three circlesO0,O1, andO2 with radius r > 0 whose centers are (0, 0),
(1, 0), and (0, 1), respectively.X0={xi | i ∈ N [h1, h2−1]},X1={xi | i ∈ N [h2, h3−1]},X2={xi | i ∈ N [h3, h1−1]}.
It is a simple matter to see that for any small r > 0 all vertices of Xi (i = 0, 1, 2) can be put in the interior region of
Oi so that they form a convex n-gon P. By letting r be sufﬁciently small, we can make the area of hyperedges except
ones crossing with the convex three-cut C(h1, h2, h3) be enough small, i.e., AP (H) becomes smaller than zero. 
Before proving the converse, we show the following lemma. For two points a and b, we denote by ab the line (or
line segment between a and b) containing a and b.
Lemma 3. Let P be a convex n-gon with n> 3. Let l be a line that contains a vertex xi of P, but no point in the
interior of P. Assume that there are two intersections a (resp., b) of l and line xi−2xi−1 (resp., line xi+1xi+2 such that
a, xi−1, xi−2 (resp., b, xi+1, xi+2) appear in these orders in the lines (see Fig. 3). Construct a polygon Pa (resp., Pb)
from P by replacing vertex xi with a new vertex a (resp., b). Then for any hypergraph H,
APa (H)AP (H)APb(H) or APa (H)AP (H)APb(H).
Proof. For a point y on the line segment ab, let Py be a polygon constructed from P by replacing xi with y. The area
of any triangle xjxky is a linear function of the distance |ay|. Since the area a(Py(e)) for a hyperedge e is the sum of
areas of triangles, APy (H) is also a linear function of the distance |ay|. Therefore the desired inequality holds. 
Lemma 4. For a hypergraph H, if H∅cH , then H∅aH .
Proof. Assume that H∅cH . Let P be a convex n-gon. We derive that AP (H)0 = AP (H∅) from the assumption.
Choose three distinct vertices xi−1, xi, xi+1 which are consecutively arranged along P.We apply Lemma 3 to the vertex
xi and the line l that contains xi and is parallel to xi−1xi+1 (note that l = xi−1xi+1 iff the internal angle at xi is ).
W.o.l.g. we can assume APa (H)AP (H)APb(H). We replace P with Pa without changing the area of P.
There are two cases:
(1) The internal angle at xi was smaller than : By this replacement, the internal angle at xi−1 becomes  while the
area AP (H) never increases.
(2) The internal angle at xi was : In this case, a equals xi−1 and hence the resulting polygon Pa is an (n − 1)-gon.
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By applying the above operation iteratively, P ﬁnally becomes a triangle yN [h1,h2−1]yN [h2,h3−1]yN [h3,h1−1], which
we denote by P ∗, where yN [hi ,hi+1−1] (i = 1, 2, 3) is a vertex made by contracting xhi , . . ., xhi+1−1. In each step, the
area AP (H) is never increased. Hence
AP (H)AP ∗(H). (1)
The convex three-cut separating the three vertices of the triangle P ∗ is cH (h1, h2, h3), and from the assumption, we
have
cH (h1, h2, h3)0,
which means
AP ∗(H)0. (2)
From (1) and (2), AP (H)0 is obtained. 
Now we are ready to prove Lemma 1 and Theorem 1.
Proof of Lemma 1. Obvious from Lemmas 2 and 4. 
Proof of Theorem 1. Follows immediately from Lemma 1. 
3. Concluding remarks
We showed that for any two hypergraphs H and H ′ “AP (H)AP (H ′) for all convex n-gons P” if and only if
“cH (h1, h2, h3)cH ′(h1, h2, h3) for all convex three-cuts C(h1, h2, h3)”. The number of convex three-cuts is O(n3),
and thus the latter condition can be checked in polynomial time for given H and H ′. This assures us that the former
condition, which is stated on the basis of inﬁnitely many number of convex n-gons, can be checked in polynomial time.
From this property we can introduce a new relation a (or equivalently c) between weighted hypergraphs.
Although the above theorem is an analog of the property on graphs shown by [2], both the proofs are far different. The
reason is that the linearity like Lemma 3 does not hold for length of line segments. Thus for graphs another equivalent
relation,o, was introduced and the inclusion analogous with Lemma 4 was shown via the relation [2]. In hypergraphs,
however, we have not found any relation that corresponds to the third relation. Finding such a relation remains for
future work.
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